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Abstract
In this work a particle sets of contours method is coupled to a streamline technique in order to obtain accurate approximations of
transport problems. A modiﬁed particle method based on streamlines technique is proposed and some bench tests arising in porous
media are then simulated to validate the new method. These results are complemented with the resolution of the diffusion operator
in a non conservative form where the non-linear diffusion operator is transformed in a velocity-like term and solved using this new
particle method. The diffusion velocity method is then applied to a simple test case and validated using a ﬁnite difference scheme.
Keywords: Particle methods; streamlines method; velocity diffusion technique; porous media
1. Introduction
In this paper a coupled particle set of contours - streamlines method is designed for convective/diffusive problems.
This fundamental work proposes a new approach to solve advection diffusion equations. The design of the method is
validated for basic test cases as a ﬁrst step. The main advantages of the method relies on the origin of the numerical
error. This is a three step procedure:
1. streamline construction
2. mapping of the ”streamlines grid” to a cartesian grid
– transformation of the initial concentration
– concentration transport on the transformed grid
– back transformation of the transported concentration in the actual plane
3. resolution of waste diffusion using a diffusion velocity method.
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One of the advantages of the method is that the streamlines construction does not involve approximation as long as the
velocity ﬁeld on a given element is constant or linear. Note that this is the case in most ﬁnite element computations
of Darcy’s ﬂow. Because of the deﬁnition of the transformed plane, the transport step is also an exact process in the
sense that it does not imply any approximation as well. Therefore, the approximation error is concentrated in the
transformation procedure. It can be reduced in the transformation of the initial condition by selecting markers lying
on the streamlines. Therefore, the main approximation error is due to the transformation back from the streamline
plane into the physical plane and this has to be performed for the convection problem only once at any time. These
results are complemented with the resolution of the diffusion operator in a non conservative form where the non-linear
diffusion operator is transformed in a velocity-like term and solved using this new particle method.
This particle set of contours method can be included in the family of level-set techniques. The level set methods
are usually applied as an addition to CFD code in order to compute iso-value lines of some characteristic quantity, and
then extract some useful information of the result. Therefore, level set methods are used within the usual framework
of eulerian method and the markers which deﬁne the iso-lines location are moved along sets of ﬁxed line deﬁning
a grid. Here a purely lagrangian point of view is developed : it consists in considering free lagrangian markers and
compute their path using streamlines. This technique is quite straightforward as long as pure convection is considered.
The markers trajectories are actually those of lagrangian ﬂuid particles and the problem reduces to the time integration
of the ordinary differential equation :
dX
dt
= u (1)
Two different classes have then been derived: the ﬁrst was built in order to solve the inviscid ﬂuid Euler equation
expressed in velocity vorticity formulation. This method is known as the ”Contour Dynamics” method. It was ﬁrst
introduced by Zabusky [25] and has been applied to compute many cases of vorticity concentration dynamics (see
Dritschel for a review [15]). An extension to the case of diffusive ﬂows was proposed by Piva [11]. Recently, it has
been also extended to the case of axisymmetric ﬂow by Leonard [23]. The second was restricted to steady ﬂows in
which case the trajectories are also the streamlines thus the name of streamline method. As such, it is not a level set
method since this is only one possible application of the method. Using a polynomial approximation of the velocity
ﬁeld in a grid cell, the trajectories equations read :
dx
dt
=∑
n,m
amnxmyn,
dy
dt
=∑
n,m
bmnxmyn (2)
In a recent work, Matringe [19] suggested that an important step forward was accomplished introducing a semi-
analytical procedure for the trajectories computation. This is actually a very interesting feature of the method. As
long as the velocity ﬁeld remains simple, say linear or quadratic, exact integration can be rather easily performed on
a grid cell and the trajectories result from a sequence of such exact calculations. Various physical effects can also
be added to the method in order to approximate the solution of a transport dispersion equation. However, these are
pointwise integration and no account for sets of contours has been given so far.
Hereafter, our goal is to compute directly the iso-line motion of a given function c(x, t) which is transported and
dispersed according to the equation :
∂c
∂ t
+div(uc) = div
(
D ·uc
)
(3)
The basic ingredient of our method is the above mentioned ”streamline” method; it will be described in the next
section.
In equation (3), the velocity ﬁeld u is assumed to be known from an external solver and can be either an exact
solution or a numerical approximation. In the present work, we are dealing with a problem araised from the transport
in porous media described using the Richards’ equation [22]. Here, the velocity ﬁeld has been obtained numerically
by means of a ﬁnite element solver. Mixing lagrangian markers and ﬁnite element is a quite old story and involve
some speciﬁc problems which have to be carefully solved. Among the ﬁrst efforts, we can mention the work by
Bardos [2] which concentrated ﬁrst on the solution of the Euler equations and subsequently extended this initial work
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to account for diffusion and even to solve the full Navier-Stokes equations [3]. More recently, it was also suggested
[13] that coupling a lagrangian scheme with a ﬁxed grid computed velocity ﬁeld provides a very efﬁcient subgrid
model for scalar transport. A last problem to be addressed is to add the diffusion term in order to solve a complete set
of equations. The approximation will be performed here using a diffusion velocity approach that is built originally for
particle methods [4].
2. Numerical scheme
To build the numerical method we concentrate ﬁrst on the solution of the convection equation (4), for which we
will describe our particle sets of contours method coupled to a streamline method, [7],
∂c
∂ t
+div(uc) = 0 (4)
where u is a steady incompressible velocity ﬁeld (volumes are preserved during the transport). A discrete approxi-
mation uh of this velocity ﬁeld is assumed to be known on some triangulation Th through the application of a ﬁnite
element or ﬁnite volume method. The time integration of this equation results in a two steps procedure. Then we will
construct a level-set based diffusion/dispersion velocity and re-write equation (3 in a non conservative form as
∂c
∂ t
+(u+uD) ·grad(c) = 0. (5)
This new convection equation in turn can be solved using the previous method mentioned above. This is a three steps
procedure:
1. streamline construction
2. mapping of the ”streamlines grid” to a cartesian grid
– transformation of the initial concentration
– concentration transport on the transformed grid
– back transformation of the transported concentration in the actual plane
3. resolution of waste diffusion using a diffusion velocity method.
The streamline construction and the mapping of the ”streamlines grid” to a cartesian grid have been detaily de-
scribed in [7] and [8], and here we only focus on the diffusive part approximation.
3. Resolution of waste diffusion using a diffusion velocity method
The diffusive term is a spreading of c which modiﬁes the level-set shape, the higher values retracting and the lower
expanding. We consider markers that are the intersection point of these level-sets with the streamlines computed
previously. The motion of these points along the streamlines can be computed. Here uD denotes the corresponding
diffusive velocity ﬁeld that is unsteady and depends on c and is computed such that:
uD ·gradc =−div
(
D ·gradc
)
. (6)
Clearly, this is a scalar equation which produces only one condition for the two components of uD. A second condition
related to streamlines or level-sets is necessary to close the problem and to deﬁne both diffusive velocity components.
The system is closed here using
uD∧ τ = 0
u
D
c(t)
(7)
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where τ is the unit normal vector to iso-contours. Then, the computed value for uD is used to solve the convective
equation:
∂c
∂ t
+(u+uD) ·grad(c) = 0. (8)
It is important to notice that the equation is not in a conservative form. This is the main difference with the particle
method since the discretization points do not represent a small amount of c traveling across the computational domain,
but a point where the function c has a constant value.
Validation of this new approach for the whole convection-diffusion problem is presented in the next section.
4. Implementation and validation
As a ﬁrst test case, in order to validate the diffusion approach the concentration c is obtained using a second
order ﬁnite difference method and introduced in the new equations to compute the diffusion velocity. Moreover this
concentration c is also used to compare this technique to classical ﬁnite difference solutions. We start with a gaussian
type initial concentration equation (9)
c(x,y,0) = exp
(
x− Lx
2
)(
y− Ly
2
)
. (9)
that is used to solve
∂c
∂ t
+u ·∇c= div(D ·c) using the ﬁnite difference method. Getting c at each time step we get uDx
and uDy (by introducing c in (6) and (7))
uDx =−
τxDΔc
τx∂xc+ τy∂yc
, uDy =−
τyDΔc
τx∂xc+ τy∂yc
Once uD is obtained, it is used to solve the global equation in its convective form. The two solutions (ﬁnite difference
and particle sets of contours) can then been compared in ﬁgure 1. The results show a section of the above mentioned
gaussian type concentration (9) by the ﬁnite difference method at different times compared to the same concentration
transported using the particle set of contours approach. This preliminary result demonstrates an excellent agreement
between the two techniques.
As a second case study, validation of the diffusion velocity approach for the whole convection-diffusion problem
is presented on an analytical test case of an axisymmetric diffusion. We assume an axisymmetric initial condition of
a Dirac form, a uniform velocity ﬁeld u and a uniform diffusion D. Under these assumptions equation (3) results to
∂c
∂ t
= D
(
∂ 2c
∂x2
+
∂ 2c
∂y2
)
(10)
And the solution is:
c(x,y, t) =
1
2πD(t+ t0)
exp
(
− (x−u(t− t0))
2
4D(t+ t0)
)
(11)
exp
(
− (y− v(t− t0))
2
4D(t+ t0)
)
The convective form of equation (10) is
uD
∂c
∂x
+ vD
∂c
∂y
=−D
(
∂ 2c
∂x2
+
∂ 2c
∂y2
)
(12)
To deﬁne uD, vD an other equation is needed to give for example the orientation of uD. We choose the direction normal
to the iso-lines of concentration c, the closure equation is then
uDy− vDx = 0. (13)
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(a) Evolution in time of clevel = 0.1 for u = (1,0); u = (0,1); u = (1,1)
(b) Evolution in time of clevel = 0.4 for u = (1,0); u = (0,1); u = (1,1)
Fig. 1. Comparison ﬁnite difference and particle sets of contours methods.
Therefore the analytical solution for uD and vD is the following
uD =− xDΔc
x
∂c
∂x
+ y
∂c
∂y
, vD =− yDΔc
x
∂c
∂x
+ y
∂c
∂y
(14)
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Fig. 2. Evolution of the concentration using the following parameters: u = 5 m/s, v = 5 m/s, t0 = 1 s. Twenty iso-concentration lines have been
chosen for the initial distribution of concentration.
The results presented in ﬁgure 2 were obtained with a ﬁrst order time integration scheme and a second order spatial
discretization. The reduction of the isovalue contours due to the decreasing of the maximum of the concentration
is clearly observed. The contour number decreases from 20 to 4 in this simulation. Although it is a correct result
for this highly diffusive case, a regridding procedure should be necessary for longer times. In order to check the
accuracy of the method, the theoretical (in blue) and computed (in red) solutions are compared in ﬁgure 3 below. The
solutions are given at time t = 3 and t = 5 which were also used for the two pictures of ﬁgure 3. These results are
quite satisfactory, as long as the contour number is large enough, except for the lower and upper parts of the curve
where a better extrapolation scheme seems to be required.
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Fig. 3. Radial concentration (in red) at time t = 3 and time t = 5 compared to the exact solution (in blue).
5. Conclusions and perspectives
In this work a coupled particle sets of contours - streamlines method is designed for convective and diffusive
problems. The main advantages of the method relies on the origin of the numerical error and permit to get accurate
computations of the pollutant transport. The convection results are complemented with the resolution of the diffusion
operator using a diffusion velocity technique. This technique is based on the transformation of the diffusion operator
to a convection-like operator and to solve whole the equation on the basis of the global velocity. In this work the
diffusion velocity technique is applied to results obtained using a ﬁnite-difference solver and a future work is devoted
to solve the whole diffusion problem using this approach. To resume:
• The proposed method is a modiﬁcation of classical streamlines method. The advantages of the method for transport
rely on the origin of the numerical error as the streamlines construction does not involve approximation (for constant
or linear velocity ﬁeld but this is generally the case), the transport process is exact and the approximation error
concerns the mapping (only once for all). Also, the method is less CPU time consuming since the mapping is done
once for all and allows many tracings using one velocity ﬁeld.
• The adding of diffusion for such methods is a mathematical challenge
– Validations of the method must continue;
– Adding and/or Removing of new levels must be performed for a more convenient representation of c;
– Re-griding procedure can also be applied on each level (distance between tracers can vary a lot).
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